In [6], we introduced the degenerate tangent numbers T n,λ and polynomials
Introduction
Several mathematicians have studied the Bernoulli numbers and polynomials, Euler numbers and polynomials, q-Bernoulli numbers and polynomials, q-Euler numbers and polynomials, the second kind Euler numbers and polynomials(see [1] [2] [3] [4] [5] [6] [7] ). These numbers and polynomials posses many interesting properties and arising in many areas of mathematics and physics. In [1, 2] , L. Carlitz introduced the degenerate Bernoulli polynomials. Recently, Feng Qi et al. [3] studied the partially degenerate Bernoull polynomials of the first kind in p-adic field. In this paper, we establish some interesting properties for degenerate tangent polynomials. Throughout this paper, we always make use of the following notations: N denotes the set of natural numbers and Z + = N ∪ {0} , C denotes the set of complex numbers, Z p denotes the ring of p-adic rational integers, Q p denotes the field of p-adic rational numbers, and C p denotes the completion of algebraic closure of Q p . For a variable t, we consider the degenerate tangent polynomials which are given by the generating function to be 2
T n,λ (x) t n n! , (see [6] ).
(1.1)
When x = 0, T n,λ (0) = T n,λ are called the degenerate tangent numbers. We recall that the classical Stirling numbers of the first kind S 1 (n, k) and S 2 (n, k) are defined by the relations(see [7] )
respectively. Here (x) n = x(x − 1) · · · (x − n + 1) denotes the falling factorial polynomial of order n. The numbers S 2 (n, m) also admit a representation in terms of a generating function
We also have
The generalized falling factorial (x|λ) n with increment λ is defined by
for positive integer n, with the convention (x|λ) 0 = 1. We also need the binomial theorem: for a variable x,
2 Degenerate tangent polynomials polynomials on Z p in p-adic number field
Let p be a fixed odd prime number. Let ν p be the normalized exponential valuation of C p with |p| p = p −νp(p) = p −1 . When one talks of q-extension, q is considered in many ways such as an indeterminate, a complex number q ∈ C, or p-adic number q ∈ C p . If q ∈ C one normally assumes that |q| < 1. If q ∈ C p , we normally assume that |q − 1| p < p
the fermionic p-adic invariant integral on Z p is defined by Kim as follows:
x , (see [4] ). (2.1)
If we take g 1 (x) = g(x + 1) in (2.1), then we see that
From (2.1), we obtain
Let us assume that t, λ ∈ Z p such that |λt| p < p
By (2.4), we obtain the following Witt's formula.
Theorem 2.1 For n ∈ Z + , we have
From (2.4), (1.2), and (1.6), we have
where T k denotes the ordinary tangent numbers(see [5] ). From (2.4) and (2.5), we have the following theorem.
Theorem 2.2 For n ∈ Z + , we have
By (2.3) and Theorem 2.1, we easily see that
Hence, we have the following theorem.
Distribution of zeros of the degenerate tangent polynomials
This section aims to demonstrate the benefit of using numerical investigation to support theoretical prediction and to discover new interesting pattern of the zeros of the degenerate tangent polynomials T n,λ (x). By using computer, the degenerate tangent polynomials T n,λ (x) can be determined explicitly. A few of them are
We investigate the beautiful zeros of the T n,λ (x) by using a computer. We plot the zeros of the degenerate tangent polynomials T n,λ (x) for n = 30, λ = 1/10, 1/2, 1, 2 and x ∈ C (Figure 1 ). In Figure 1 and λ = 1/10. In Figure 1 (top-right), we choose n = 30 and λ = 5/10. In Figure 1 (bottom-left), we choose n = 30 and λ = 1. In Figure 1 (bottomright), we choose n = 30 and λ = 2. Stacks of zeros of T n,λ (x) for 1 ≤ n ≤ 30 from a 3-D structure are presented (Figure 2 ). In Figure 2 (left), we choose 1 ≤ n ≤ 30 and λ = 1/10 . In Figure 2 (right), we choose 1 ≤ n ≤ 30 and λ = 2. Our numerical results for approximate solutions of real zeros of T n,λ (x) are displayed (Tables 1, 2 ). Plot of real zeros of T n,λ (x) for 1 ≤ n ≤ 30 structure are presented( Figure  3 ). In Figure 3 (left), we choose 1 ≤ n ≤ 30 and λ = 1/10 . In Figure 3 (right), we choose 1 ≤ n ≤ 30 and λ = 2. We observe a remarkably regular structure of the complex roots of the degenerate tangent polynomials T n,λ (x). We hope to verify a remarkably regular structure of the complex roots of the degenerate tangent polynomials T n,λ (x)( Table 1) . Next, we calculated an approximate solution satisfying T n,λ (x), x ∈ C. The results are given in Table 2 and Table 3 . Table 2 . Approximate solutions of T n,λ (x) = 0, λ = 1/10, x ∈ R degree n x Table 3 . Approximate solutions of T n,λ (x) = 0, λ = 2, x ∈ C degree n x Finally, we shall consider the more general problems. How many zeros does T n,λ (x) have? Prove or disprove: T n,λ (x) = 0 has n distinct solutions. Find the numbers of complex zeros C T n,λ (x) of T n,λ (x), Im(x) = 0. Since n is the degree of the polynomial T n,λ (x), the number of real zeros R T n,λ (x) lying on the real plane Im(x) = 0 is then R T n,λ (x) = n − C T n,λ (x) , where C T n,λ (x) denotes complex zeros. See Table 1 for tabulated values of R T n,λ (x) and C T n,λ (x) .
